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Abstract
The graph consisting of the four 3-cycles (triples) (x1, x2, x8), (x2, x3, x4), (x4, x5, x6), and (x6, x7, x8), where xi ’s are distinct,
is called a 4-cycle-triple block and the 4-cycle (x2, x4, x6, x8) of the 4-cycle-triple block is called the interior (inside) 4-cycle.
The graph consisting of the four 3-cycles (x1, x2, x6), (x2, x3, x4), (x4, x5, x6), and (x6, x7, x8), where xi ’s are distinct, is called a
kite-triple block and the kite (x2, x4, x6)-x8 (formed by a 3-cycle with a pendant edge) is called the interior kite. A decomposition
of 3kKn into 4-cycle-triple blocks (or into kite-triple blocks) is said to be perfect if the interior 4-cycles (or kites) form a k-fold
4-cycle system (or kite system). A packing of 3kKn with 4-cycle-triples (or kite-triples) is a triple (X,B,L), where X is the vertex
set of Kn, B is a collection of 4-cycle-triples (or kite-triples), and L is a collection of 3-cycles, such that B ∪L partitions the edge set
of 3kKn. If |L| is as small as possible, or equivalently |B| is as large as possible, then the packing (X,B,L) is called maximum. If
the maximum packing (X,B,L) with 4-cycle-triples (or kite-triples) has the additional property that the interior 4-cycles (or kites)
plus a speciﬁed subgraph of the leave L form a maximum packing of kKn with 4-cycles (or kites), it is said to be perfect.
This paper gives a complete solution to the problem of constructing perfect maximum packings of 3kKn with 4-cycle-triples and
kite-triples, whenever n is the order of a 3k-fold triple system.
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1. Introduction
A -fold m-cycle system of order n is a pair (X,C), where C is a collection of m-cycles which partitions the edge
set of Kn ( copies of the complete undirected graph Kn on n vertices) with vertex set X. In other words for each pair
of vertices x, y the edge xy is seen in exactly  m-cycles.
An m-cycle with edge set {aiai+1|1 im−1}∪ {a1am} will be denoted by either (a1, a2, . . . , am), (a1, am, am−1,
. . . , a2), or any cyclic shift of these.
When  = 1 and m = 3, we will simply say 3-cycle system (Steiner triple system) and will interchangeably use the
expressions triple or triangle for a 3-cycle.
We will denote the graph by [x1, x2, x3, x4, x5, x6]H , [x1, x6, x5, x4, x3, x2]H , or any cyclic 2-shift of these (thus
always starting with a vertex of degree 2) and call this graph a hexagon triple. The 3-cycle (x2, x4, x6) is called the
interior 3-cycle; see Fig. 1.
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Fig. 1. Hexagon triple.
Fig. 2. 4-cycle-triple and kite-triple.
A 3k-fold hexagon triple system of order n is a pair (X,H), where H is a collection of hexagon triples which partitions
the edge set of 3kKn with vertex set X. Note that the outside 3-cycles form a 3k-fold triple system, where the outside
3-cycles in an hexagon triple are (x1, x2, x6), (x2, x3, x4), and (x4, x5, x6); see Fig. 1. If the 3k-fold hexagon triple
system (X,H) has the additional property that the interior 3-cycles form a k-fold triple system, then (X,H) is said to
be perfect.
In [6] Küçükçifçi and Lindner gave a complete solution to the problem of constructing perfect 3k-fold hexagon
triple systems of order n. Subsequently, Gionfriddo [4] showed that any Steiner triple system can be made to form the
collection of interior triples in a (necessarily perfect) hexagon triple system.
Recently Billington et al. in [2] gave a complete solution to the related problem of constructing perfect 3k-fold
4-cycle-triple systems and kite-triple systems.
Our main contribution in this paper is to solve the problem of constructing perfect maximum packings of 3kKn with
4-cycle-triples and kite-triples, whenever n is the order of a 3k-fold triple system.
Deﬁne a 4-cycle-triple and a kite-triple to be the graphs in Fig. 2 on eight vertices with four 3-cycles.
Wewill refer to the graph consisting of the four 3-cycles (x1, x2, x8), (x2, x3, x4), (x4, x5, x6), and (x6, x7, x8), where
xi’s are distinct, as a 4-cycle-triple block anddenote it by [x1, x2, x3, x4, x5, x6, x7, x8]F , [x1, x8, x7, x6, x5, x4, x3, x2]F ,
or any cyclic 2-shift of these. Also the graph consisting of the four 3-cycles (x1, x2, x6), (x2, x3, x4), (x4, x5, x6), and
(x6, x7, x8), where xi’s are distinct, will be called a kite-triple block and denoted by [x1, x2, x3, x4, x5, x6, x7, x8]K or
[x5, x4, x3, x2, x1, x6, x7, x8]K . The 4-cycle (x2, x4, x6, x8) of the 4-cycle-triple block in Fig. 2 is called the interior
(inside) 4-cycle. The kite (the simple graph on four vertices with four edges consisting of a 3-cycle with a pendant
edge) denoted by (x2, x4, x6)-x8 of the kite-triple block in Fig. 2 is called the interior kite.
A 3k-fold 4-cycle-triple system of order n is a pair (X, F ), where F is a collection of 4-cycle-triples which partitions
the edge set of 3kKn with vertex set X. The 4-cycle-triple system is said to be perfect if it has the additional property that
the collection of interior 4-cycles ((x2, x4, x6, x8) in the above 4-cycle-triple block) is a k-fold 4-cycle system. Note that
the outside triangles form a 3k-fold triple system, where the outside 3-cycles are (x1, x2, x8), (x2, x3, x4), (x4, x5, x6)
and (x6, x7, x8) in the above 4-cycle-triple; see Fig. 2. Also for each pair of vertices x, y the edge xy is seen in exactly
k times as an edge of interior 4-cycles.
Example 1.1 (Perfect 3-fold 4-cycle-triple system of order 9). Take the vertex set X = Z9 and the blocks as [1 +
i, i, 5 + i, 8 + i, 6 + i, 4 + i, 3 + i, 7 + i]F for all 0 i8, where all sums are reduced modulo 9.
Likewise, a 3k-fold kite-triple system of order n is a pair (X,K), where K is a collection of kite-triples which
partitions the edge set of 3kKn with vertex set X.A k-fold kite system of order n is a pair (X,B), where B is a collection
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of kites which partitions the edge set of kKn with vertex set X. The kite-triple system is said to be perfect if it has the
additional property that the collection of interior kites ((x2, x4, x6)-x8 in the above kite-triple block) is a k-fold kite
system. Note again that the outside triangles form a 3k-fold triple system.
Example 1.2 (Perfect 3-fold kite-triple system of order 9). Take the vertex set X =Z9 and blocks as [3 + i, 6 + i, 4 +
i, 8 + i, 7 + i, i, 1 + i, 5 + i]K for all 0 i8, where all sums are reduced modulo 9.
A packing of kKn with m-cycles (or kites) is a triple (X,C,LC), where X is the vertex set of Kn, C is a collection
of m-cycles (or kites), and LC is a collection of edges in kKn, such that C ∪ LC partitions the edge set of kKn. The
collection of edges in LC is called the leave. If |C| is as large as possible, or equivalently if |LC | is as small as possible,
then the packing (X,C,LC) is called a maximum packing of kKn with m-cycles (or kites).
Let I = (V ,E) be a graph with vertex set V and edge set E. Also let U = {u1, u2, . . . , u|E|}, where ui = uj for
i = j . An I-triple is a graph with vertex set V ∪ U and edge set E ∪ {aiui, biui |aibi ∈ E}.
Example 1.3 (I -triple where I is a path of length 2).
Note that every I-triple consists of |E| triangles.
The maximum packing of 3kKn with hexagon triples is also given in [6]. The problem is deﬁned as follows. If we
construct a 3k-fold triple system (X, T ) which can be arranged into hexagon triples H with a leave L (an I-triple for
some graph I), where |L| is as small as possible or equivalently, |H | is as large as possible, so that the interior triangles of
the hexagon triples plus I form a maximum packing of kKn with triangles, then (X,H,L) is called a perfect maximum
packing of 3kKn with hexagon triples.
Generalizations of perfect hexagon triples have been studied. In [9] Lindner and Rosa considered six-triple conﬁgu-
rations. In [7] Küçükçifçi and Lindner gave a complete solution to the minimum covering problem for hexagon triple
systems. Recently Billington and Lindner [1] completed the spectra determination for perfect triple conﬁgurations for
all remaining subgraphs of K4.
In this paper we will consider the natural generalization of a perfect maximum packing in [6] from three triangles to
four triangles.
If we construct a 3k-fold triple system (X, T )which can be arranged into a collection of 4-cycle-triples F (kite-triples
K), with a leave L which is an I-triple for some graph I, where |L| is as small as possible, or equivalently |F | (|K|)
is as large as possible, so that the interior 4-cycles (kites) of the 4-cycle-triples (kite-triples) plus I form a maximum
packing of kKn with 4-cycles (kites), then (X, F,L) ((X,K,L)) is called a perfect maximum packing of 3kKn with
4-cycle-triples (kite-triples). Since all possible leaves in a maximum packing of kKn with 4-cycles (kites) are known
[5,10] and we require the leaves to be an I-triple for some graph I, the graphs in Tables 1 and 2 are all possible leaves for
perfect maximum packing of 3kKn with 4-cycle-triples (kite-triples). Note that I’s which are the leaves of a maximum
packing of kKn with 4-cycles (kites) are indicated in bold in the tables.
Example 1.4 (Perfect maximum packing of 3K11 with 4-cycle-triples). Let X = Z11. Take the 4-cycle-triple blocks
as [4, 0, 9, 6, 7, 10, 1, 2]F , [8, 0, 1, 7, 2, 10, 9, 3]F , [5, 0, 3, 8, 6, 1, 9, 4]F , [6, 0, 2, 9, 8, 1, 4, 5, ]F , [0, 10, 1, 8, 5, 9,
3, 4]F , [4, 1, 0, 6, 8, 7, 9, 2]F , [5, 1, 9, 7, 10, 8, 2, 3]F , [2, 10, 0, 9, 4, 6, 3, 5]F , [1, 3, 7, 4, 10, 5, 6, 2]F , [3, 6, 7, 4, 10,
8, 0, 2]F , [0, 7, 2, 5, 8, 9, 10, 3]F , [8, 4, 3, 7, 5, 9, 6, 2]F , [10, 6, 4, 8, 7, 5, 1, 3]F , with leave the hexagon triple
[6, 1, 7, 0, 5, 10]H , where I is a 3-cycle. (Note that the leave of a maximum packing of K11 with 4-cycles is a 3-
cycle [5].)
Example 1.5 (Perfect maximum packing of 3K11 with kite-triples). Let X = Z11. Take the kite-triple blocks as
[8, 3, 4, 0, 5, 2, 10, 1]K , [4, 1, 8, 9, 6, 3, 5, 10]K , [2, 6, 8, 1, 9, 4, 7, 5]K , [0, 9, 1, 2, 5, 6, 8, 7]K , [2, 0, 1, 6, 5, 8,
10, 9]K , [1, 3, 6, 7, 8, 5, 9, 2]K , [7, 10, 4, 5, 9, 6, 2, 3]K , [1, 7, 3, 2, 10, 4, 6, 0]K , [10, 7, 2, 9, 3, 0, 1, 5]K , [2, 7, 0, 8,
10, 1, 3, 5]K , [0, 4, 6, 10, 3, 9, 7, 5]K , [3, 8, 4, 2, 0, 10, 9, 7]K , [9, 4, 7, 3, 0, 8, 4, 5]K , with leave the hexagon triple
[6, 1, 7, 0, 5, 10]H , where I is a 3-cycle.
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The purpose of this paper is to give a complete solution to the problem of constructing perfect maximum packings
of 3kKn with 4-cycle-triples and kite-triples, whenever n is the order of a 3k-fold triple system, so for n odd when k is
odd, and all n when k is even.
We will organize our result into four sections: one section for each of the cases k=1, 2, and 3, followed by a summary
and an appendix containing the maximum packings for small values of n.
2. The case k = 1
It is well-known that the spectrum for 3-fold triple system is the set of all odd integers. Since the interior 4-cycles
(kites) of a perfect 3-fold 4-cycle-triple (kite-triple) system form a 4-cycle (kite) system, n ≡ 1 (mod 8) is necessary
for the existence of both perfect 3-fold 4-cycle-triple and kite-triple systems [2]; that is, the leave is the empty set. The
remaining cases with n odd are n ≡ 3, 5, and 7 (mod 8).
Consider a perfect maximum packing of 3Kn with 4-cycle-triples, where the leave is an I-triple. Let n> 8, when
n ≡ 3 (mod 8), I is a triangle; when n ≡ 5 (mod 8), I can be a 6-cycle, a bowtie, or two disjoint triangles; and when
n ≡ 7 (mod 8), I is a 5-cycle (see Table 1).
Similarly, consider a perfect maximum packing of 3Kn with kite-triples, where the leave is an I-triple. Let n> 8,
when n ≡ 3 (mod 8), I can be a triangle, a path of length three, three disjoint edges, a path of length two with a disjoint
edge, or a star with three edges; when n ≡ 5 (mod 8), I can be a path of length two, or two disjoint edges; and ﬁnally,
when n ≡ 7 (mod 8), I is a single edge (see Table 2).
Table 1
k (mod 4) Spectrum for perfect maximum packing Leave
of 3kKn with 4-cycle-triples
1 1 (mod 8) ∅
3 (mod 8) n> 8
5 (mod 8) n> 8
7 (mod 8) n> 8
2 0, 1 (mod 4) n8 ∅
2, 3 (mod 4) n> 8
3 1 (mod 8) ∅
3 (mod 8) n> 8
5 (mod 8) n> 8
7 (mod 8) n> 8
4 All n8 ∅
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Table 2
k (mod 4) Spectrum for perfect maximum packing Leave
of 3kKn with kite-triples
1 1 (mod 8) ∅
3 (mod 8) n> 8
,
5 (mod 8) n> 8
7 (mod 8) n> 8
2 0, 1 (mod 4) n8 ∅
2, 3 (mod 4) n> 8
3 1 (mod 8) ∅
3 (mod 8) n> 8
5 (mod 8) n> 8
7 (mod 8) n> 8
4 All n8 ∅
Construction A. Suppose n= 8m+h, where h ∈ {3, 5, 7}, m1. Set X=H ∪ {(i, j) : 1 i2m, 1j4} where
H = {∞i : i ∈ Zh}. Deﬁne 4-cycle-triple blocks, F, or kite-triple blocks, K, as follows:
If m ≡ 0 or 1 (mod 3):
(i) On the set H ∪ {(1, j), (2, j): 1j4} place a perfect maximum packing of 3K8+h with 4-cycle-triples (kite-
triples). Place these 4-cycle-triples (kite-triples) in F (in K) and the leave in L.
(ii) On each set H ∪ {(2i − 1, j), (2i, j) : 1j4}, for 2 im, place a 3-fold perfect 4-cycle-triple (kite-triple)
system of order 8 + h with a hole of size h, where H is the hole, and place these 4-cycle-triples (kite-triples) in
F (in K).
(iii) Take a 3-GDD of type 2m [3] on {1, 2, . . . , 2m} with groups {2i − 1, 2i} for 1 im. For each block {x, y, z} in
the GDD, place the 4-cycle-triples (kite-triples) from a perfect 3-fold 4-cycle-triple (kite-triple) decomposition
of 3K4,4,4 [2] with vertex set {(x, j)|1j4} ∪ {(y, j)|1j4} ∪ {(z, j)|1j4} and place these blocks in
F (in K).
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If m ≡ 2 (mod 3):
(i′) On the set H ∪ {(i, j)|1 i4, 1j4} place a perfect maximum packing of 3K16+h with 4-cycle-triples
(kite-triples). Place these 4-cycle-triples (kite-triples) in F (in K) and the leave in L.
(ii′) On each set H ∪ {(2i − 1, j), (2i, j)|1j4}, for 3 im, place a 3-fold perfect 4-cycle-triple (kite-triple)
system of order 8 + h with a hole of size h, where H is the hole, and place these 4-cycle-triples (kite-triples) in
F (in K).
(iii′) Take a 3-GDD of type 412m−2 [3] on {1, 2, . . . , 2m} with groups {1, 2, 3, 4}, {2i −1, 2i} for 3 im and deﬁne
the blocks as in (iii) above.
Combining (i)–(iii) and (i′)–(iii′) gives a perfect maximum packing of 3K8m+h with 4-cycle-triples (kite-triples).
Lemma 2.1. There exists a perfect maximum packing of 3Kn with 4-cycle-triples (kite-triples), where n ≡ 3 (mod 8),
n> 8, and the leave is a collection of three triples.
Proof. Perfect maximum packings of 3K11 and 3K19 with 4-cycle-triples (kite-triples) and a perfect 3-fold 4-cycle-
triple (kite-triple) system of order 11 with a hole of size 3 are given in the Appendix. Taking h = 3 in Construction A
along with these six examples solves the problem for n ≡ 3 (mod 8), n> 8. 
Lemma 2.2. There exists a perfect maximum packing of 3Kn with 4-cycle-triples (kite-triples), where n ≡ 5 (mod 8),
n> 8, and the leave is a collection of six triples (two triples for the kite-triple case).
Proof. Perfect maximum packings of 3K13 and 3K21 with 4-cycle-triples (kite-triples) and a perfect 3-fold 4-cycle-
triple (kite-triple) system of order 13 with a hole of size 5 are given in the Appendix. Taking h = 5 in Construction A
along with these six examples in the Appendix solves the problem for n ≡ 5 (mod 8), n> 8. 
Lemma 2.3. There exists a perfect maximum packing of 3Kn with 4-cycle-triples (kite-triples), where n ≡ 7 (mod 8),
n> 8, and the leave is a collection of ﬁve triples (a single triple for the kite-triple case).
Proof. Perfect maximum packings of 3K15 and 3K23 with 4-cycle-triples (kite-triples) and a perfect 4-cycle-triple
(kite-triple) system of order 15 with a hole of size 7 are given in the Appendix. Taking h = 7 in Construction A along
with these six examples in the Appendix solves the problem for n ≡ 7 (mod 8), n> 8. 
3. The case k = 2
The spectrum for 6-fold triple systems is the set of all positive integers n = 2. Since the interior 4-cycles (kites)
of a perfect 6-fold 4-cycle-triple (kite-triple) system must form a 2-fold 4-cycle (kite) system, n ≡ 0 or 1 (mod 4) is
necessary for the existence of both perfect 6-fold 4-cycle-triple and kite-triple systems [2]; that is, the leave is the empty
set. The remaining cases are n ≡ 2 and 3 (mod 4). We will break this into the cases n ≡ 2, 3, 6, and 7 (mod 8).
In a perfect maximum packing of 6Kn with 4-cycle-triples, for all the cases n ≡ 2, 3, 6 and 7 (mod 8), n> 8, the
leave is an I-triple, where I is a double edge (see Table 1).
When n ≡ 3 (mod 8), n> 8, since there exists a perfect maximum packing of 3Kn with 4-cycle-triples with leave
an I-triple, where I is a triangle, we can consider two copies of such a perfect maximum packing of 3Kn with 4-cycle-
triples.We need to be sure that the leave of the ﬁrst copy is the I-triple [4, 1, 5, 2, 6, 3]H , where I is the triangle (1, 2, 3),
and the leave of the second copy is the I-triple [8, 1, 2, 3, 7, 4]H , where I is the triangle (1, 3, 4). Then we can rearrange
the edges of these hexagon triples into the following 4-cycle-triple [5, 2, 6, 3, 7, 4, 8, 1]F and a leave I-triple consisting
of the two triangles (1, 4, 3), (1, 2, 3), where I is the double edge {1, 3}.
When n ≡ 7 (mod 8), n> 8, in Section 2, we have obtained a perfect maximum packing of 3Kn with 4-cycle-
triples with leave an I-triple consisting of ﬁve triangles, where I is a 5-cycle. We can consider two copies of such a
perfect maximum packing of 3Kn. (Denote the leave with ﬁve triangles (x1, x2, x10), (x2, x3, x4), (x4, x5, x6), (x6, x7,
x8), (x8, x9, x10) as [x1, x2, x3, x4, x5, x6, x7, x8, x9, x10], where I is the 5-cycle (x2, x4, x6, x8, x10).) We need to be
sure that the leave of the ﬁrst copy is the I-triple [9, 1, 10, 2, 6, 3, 7, 4, 8, 5], where I is the 5-cycle (1, 2, 3, 4, 5), and
the leave of the second copy is the I-triple [9, 1, 10, 4, 6, 5, 8, 3, 7, 2], where I is the 5-cycle (1, 4, 5, 3, 2). Then we can
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rearrange the edges of the leaves into the following two 4-cycle-triples [9, 1, 10, 2, 7, 3, 8, 5]F , [10, 1, 9, 2, 6, 3, 7, 4]F ,
and a leave I-triple consisting of the two triangles (4, 6, 5), (4, 8, 5), where I is the double edge {4, 5}.
In a perfect maximum packing of 6Kn with kite-triples, for all the cases n ≡ 2, 3, 6 and 7 (mod 8), n> 8, the leave
is an I-triple, where I can be a double edge, a path of length two, or two disjoint edges (see Table 2).
For the perfect maximum packing of 6Kn with kite-triples when n ≡ 3 (mod 8), n> 8, similar to the case 4-cycle-
triples, we can consider two copies of a perfect maximum packing of 3Kn with kite-triples, with leave the I-triple
(1, 5, 2), (2, 6, 3), (3, 7, 4), where I is the path {{1, 2}, {2, 3}, {3, 4}} and the leave of the second copy is the I-triple
(3, 8, 1), (1, 9, 2), (2, 10, 4), where I is the path {{3, 1}, {1, 2}, {2, 4}}. Then we can rearrange them into a kite-triple
block and a leave I-triple consisting of two triangles as
[6, 2, 10, 4, 7, 3, 8, 1]K, (1, 5, 2), (1, 9, 2), where I is the double edge {1, 2}, or
[6, 3, 7, 4, 10, 2, 5, 1]K, (3, 8, 1), (1, 9, 2), where I is the path of length two {{1, 3}, {1, 2}}, or
[5, 1, 8, 3, 6, 2, 10, 4]K, (1, 9, 2), (3, 7, 4), where I consists of the two disjoint edges {{1, 2}, {3, 4}}.
Next, when n ≡ 7 (mod 8), n> 8, since the leave of a perfect maximum packing of 3Kn with kite-triples is one
triple, we can consider two copies of such a perfect maximum packing of 3Kn with kite-triples and obtain an I-triple,
where I can be a double edge, a path of length two or two disjoint edges, without trouble.
Finally, the following construction will solve the cases n ≡ 2 and 6 (mod 8).
Construction B. Suppose n = 8m + h, where h ∈ {2, 6}, m1. Set X = H ∪ {(i, j) : 1 i2m, 1j4} where
H = {∞i : i ∈ Zh}. Deﬁne 4-cycle-triple blocks, F, or kite-triple blocks, K, as follows:
If m ≡ 0 or 1 (mod 3):
(i) On the set H ∪ {(1, j), (2, j): 1j4} place a perfect maximum packing of 6K8+h with 4-cycle-triples (kite-
triples). Place these 4-cycle-triples (kite-triples) in F (in K) and the leave in L.
(ii) On each set H ∪ {(2i − 1, j), (2i, j) : 1j4}, for 2 im, place a perfect 6-fold 4-cycle-triple (kite-triple)
system of order 8 + h with a hole of size h, where H is the hole, and place these 4-cycle-triples (kite-triples) in
F (in K).
(iii) Take a 3-GDD of type 2m [3] on {1, 2, . . . , 2m} with groups {2i − 1, 2i} for 1 im. For each block {x, y, z}
in the GDD, place two copies of the 4-cycle-triples (kite-triples) from a perfect 3-fold 4-cycle-triple (kite-triple)
decomposition of 3K4,4,4 with vertex set {(x, j)|1j4} ∪ {(y, j)|1j4} ∪ {(z, j)|1j4} [2] and place
these blocks in F (in K).
If m ≡ 2 (mod 3):
(i′) On the set H ∪ {(i, j)|1 i4, 1j4} place a perfect maximum packing of 6K16+h with 4-cycle-triples
(kite-triples). Place these 4-cycle-triples (kite-triples) in F (in K) and the leave in L.
(ii′) On each set H ∪ {(2i − 1, j), (2i, j)|1j4}, for 3 im, place a perfect 6-fold 4-cycle-triple (kite-triple)
system of order 8 + h with a hole of size h, where H is the hole, and place these 4-cycle-triples (kite-triples) in
F (in K).
(iii′) Take a 3-GDD of type 412m−2 [3] on {1, 2, . . . , 2m} with groups {1, 2, 3, 4}, {2i −1, 2i} for 3 im and deﬁne
the blocks as in (iii) above.
Combining (i)–(iii) and (i′)–(iii′) gives a perfect maximum packing of 6K8m+h with 4-cycle-triples (kite-triples).
Lemma 3.1. There exists a perfect maximum packing of 6Kn with 4-cycle-triples (kite-triples), where n ≡ 2 (mod 8),
n> 8, and the leave is a pair of triples.
Proof. Perfect maximum packings of 6K10 and 6K18 with 4-cycle-triples (kite-triples) and a perfect 6-fold 4-cycle-
triple (kite-triple) system of order 10 with a hole of size 2 are given in the Appendix. Taking h = 2 in Construction B
along with these six examples solves the problem for n ≡ 2 (mod 8), n> 8. 
Lemma 3.2. There exists a perfect maximum packing of 6Kn with 4-cycle-triples (kite-triples), where n ≡ 6 (mod 8),
n> 8, and the leave is a pair of triples.
760 S. Küçükçifçi, G. Yücetürk /Discrete Mathematics 308 (2008) 753–762
Proof. Perfect maximum packings of 6K14 and 6K22 with 4-cycle-triples (kite-triples) and a perfect 6-fold
4-cycle-triple (kite-triple) system of order 14 with a hole of size 6 are given in the Appendix. Taking
h = 6 in Construction B along with these six examples solves the problem for n ≡ 6 (mod 8),
n> 8. 
4. The case k = 3
The spectrum for 9-fold triple systems is the set of all odd integers. Since the inner 4-cycles (kites) of a perfect
9-fold 4-cycle-triple (kite-triple) system must form a 3-fold 4-cycle (kite) system, n ≡ 1 (mod 8) is necessary for the
existence of both perfect 9-fold 4-cycle-triple and kite-triple systems [2]; i.e., the leave is the empty set. The remaining
cases with n odd are n ≡ 3, 5, and 7 (mod 8).
n ≡ 3 (mod 8), n> 8: In a perfect maximum packing of 9Kn with 4-cycle-triples, the leave is an I-triple, where I
can be a 5-cycle, a triangle with a disjoint double edge, or a triangle with a pendant double edge (see Table 1). The ﬁrst
case can be obtained by considering three copies of a perfect maximum packing of 3Kn with 4-cycle-triples being sure
that the leave of the ﬁrst copy is the I-triple [8, 4, 6, 2, 5, 1]H , where I is (1, 4, 2); the leave of the second copy is the
I-triple [8, 3, 6, 2, 7, 5]H , where I is (5, 3, 2); and the leave of the third copy is the I-triple [10, 4, 7, 3, 9, 1]H , where I
is (1, 4, 3). Then we can rearrange the edges in these three leaves into the following 4-cycle triple and a leave, I-triple
as [5, 2, 6, 3, 7, 4, 8, 1]F and [6, 4, 10, 1, 9, 3, 8, 5, 7, 2], where I is (4, 1, 3, 5, 2). The other two cases can be easily
obtained by considering a copy of a perfect maximum packing of 3Kn with 4-cycle-triples with leave an I-triple, where
I is a triangle, and a copy of a perfect maximum packing of 6Kn with 4-cycle-triples with leave an I-triple, where I is
a double edge.
In a perfect maximum packing of 9Kn with kite-triples, the leave is an I-triple, where I is a single edge (see
Table 2). This case can be obtained by considering three copies of a perfect maximum packing of 3Kn with kite-triples,
with leave the I-triple [1, 2, 3, 4, 5, 6]H for the ﬁrst two copies and the I-triple [7, 8, 9, 10, 11, 6]H for the third copy,
and rearranging them into two kite-triples [1, 2, 3, 4, 5, 6, 7, 8]K, [1, 2, 3, 4, 5, 6, 11, 10]K , and a leave the I-triple
(8, 9, 10), where I is the single edge {8, 10}.
n ≡ 5 (mod 8), n> 8: In a perfect maximum packing of 9Kn with 4-cycle-triples, the leave is an I-triple, where I is
a double edge (see Table 1). (Denote the leave which is an I-triple consisting of six triangles (x1, x2, x12), (x2, x3, x4),
(x4, x5, x6), (x6, x7, x8), (x8, x9, x10), (x10, x11, x12), as [x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12], where I is the
6-cycle (x2, x4, x6, x8, x10, x12).) Consider three copies of a perfect maximum packing of 3Kn with 4-cycle-triples
being sure that the leave of the ﬁrst copy is the I-triple [7, 2, 8, 3, 9, 4, 10, 5, 11, 6, 12, 1], where I is the 6-cycle
(2, 3, 4, 5, 6, 1); the leave of the second copy is the I-triple [1, 4, 6, 7, 10, 8, 11, 3, 12, 2, 9, 5], where I is the 6-cycle
(4, 7, 8, 3, 2, 5); and the leave of the third copy is the I-triple [7, 1, 8, 4, 9, 3, 10, 6, 11, 5, 12, 2], where I is the 6-cycle
(1, 4, 3, 6, 5, 2). Then rearrange them into the following four 4-cycle triples [7, 2, 9, 5, 11, 6, 12, 1]F , [9, 4, 6, 7, 10, 8,
11, 3]F , [7, 2, 12, 3, 9, 4, 8, 1]F , [8, 3, 10, 6, 11, 5, 12, 2]F , and a leave, the I-triple (4, 1, 5), (4, 10, 5), where I is the
double edge {4, 5}.
In a perfect maximum packing of 9Kn with kite-triples, considering a copy of a perfect maximum packing of
3Kn with kite-triples, with leave an I-triple consisting of two triangles, and a copy of a perfect 6-fold
kite-triple system gives a perfect maximum packing of 9Kn with kite-triples with two possible leaves, which are
I-triples, where I can be a path of length two or two disjoint edges. The case when I is a double edge
can be easily obtained by considering three copies of a perfect maximum packing of 3Kn with kite-
triples.
n ≡ 7 (mod 8), n> 8: In a perfect maximum packing of 9Kn with 4-cycle-triples, the leave is an I-triple, where I is
a 3-cycle (see Table 1). Consider three copies of a perfect maximum packing of 3Kn with 4-cycle-triples being sure
that the leave of the ﬁrst copy is the I-triple [7, 3, 8, 4, 10, 5, 9, 1, 6, 2], where I is the 5-cycle (3, 4, 5, 1, 2); the leave
of the second copy is the I-triple [6, 1, 10, 4, 9, 2, 7, 5, 8, 3], where I is the 5-cycle (1, 4, 2, 5, 3); and the leave of the
third copy is the I-triple [7, 5, 8, 4, 9, 3, 10, 2, 6, 1], where I is the 5-cycle (5, 4, 3, 2, 1). Then rearrange them into the
following three 4-cycle-triples [6, 2, 7, 3, 8, 5, 9, 1]F , [6, 3, 8, 4, 10, 5, 7, 1]F , [9, 4, 8, 5, 7, 2, 10, 3]F , and a leave, the
I-triple [10, 4, 9, 2, 6, 1]H , where I is (1, 2, 4).
In a perfect maximum packing of 9Kn with kite-triples, considering three copies of a perfect maximum pack-
ing of 3Kn with kite-triples gives a perfect maximum packing of 9Kn with kite-triples with all possible
leaves.
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5. Summary
n8 is necessary for the existence of both perfect 12-fold 4-cycle-triple and kite-triple systems [2]; that is, in the
case k = 4 the leave is the empty set. Then we can paste together solutions for k = 1, 2, 3, and 4 to obtain all other
values of k. For example when k = 11 consider two copies of a solution for k = 4 and one copy of a solution for k = 3.
The following theorem summarizes our ﬁndings in the form of Tables 1 and 2.
Theorem 5.1. Tables 1 and 2 provide necessary and sufﬁcient conditions for the existence of a perfect maximum
packing of 3kKn with 4-cycle-triples or with kite-triples, for n odd when k is odd, and all n when k is even.
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Appendix
The appendix includes the examples needed in Lemmas 2.1–2.3 and 3.1, 3.2. The packings presented are obtained
by using various construction methods or a computer search. The computer code used is a variant of Stinson’s hill
climbing algorithm [11]. The algorithm completes the outside triangles of a given maximum packing of kKn with
4-cycles (kites). The pseudocode for the case of 4-cycle-triples is given below:
found = false
4-cycles = { }
tries = 0
while not found and (tries < maxtries) do
if there is no unused edge
found = true
else
tries = tries +1
select an unused edge {x,y} at random
select an unused edge {y,z} at random
if {x,z} is an interior edge in a 4-cycle-triple and not complete triangle then,
add {x,y,z} to this four-cycle
tries = 0
else
remove a triangle {x,w,z} from a 4-cycle-triple containing
{x,z} as interior edge,
add {x,y,z} to the 4-cycle-triple.
if found then
output 4-cycle-triples
else
output "fail"
An independent code is also used to double check themaximumpackings of 3kKn with 4-cycle-triples and kite-triples
given in the appendix.
The full appendix is available at http://home.ku.edu.tr/∼skucukcifci/K01appendix.pdf.
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